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Numerical Simulation of Rolling Up of
Leading/Trailing-Edge Vortex Sheets for Slender Wings
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University of Science and Technology of China, Anhui, Hefei, China

In present paper we compute the rolling up of leading/trailing-edge vortex sheets and their interaction for
delta and double-delta wings, using a simple two-dimensional discrete vortex model. The numerical results show
that a trailing-edge vortex, which has an opposite sign of circulation of the leading-edge vortices, can be rolled
up for both delta and double-delta wings and that two separated leading edge vortices, inboard and outboard,
can be formed over a double-delta wing surface. The two vortices are separated from each other at small angles
of attack, and the inboard vortex merges with the outboard one when the angles of attack are increased. The
numerical results are in good agreement with Hummers experiments.9 According to the rolled-up leading-edge
vortices and Donaldson's criterion,14 the numbers, positions, and signs and strength of rolled up trailing-edge
vortices may be predicted. A simplified method that may improve the predicting of downwash field is suggested.

I. Introduction

IN recent years there has been a growing interest in rolling
up of leading-edge vortex sheets of wings. The flow is

separated along the leading edge of a slender wing forming a
free shear layer, while rolling up to form a spiral-shaped
vortex core on each side of the wing. These leading-edge
separated vortices induce additional nonlinear lift on the wing,
often is the called vortex-induced lift. The complicated inter-
actions between vortex/vortex and vortex/surface are particu-
larly important for accurately predicting aerodynamic charac-
teristics on aircraft and missile.

The investigation of the leading-edge separated vortex be-
gan as early as in the 1940's and 1950's. In the early stage,
theoretical models used were based on the conic flow assump-
tion, made by Mangier and Smith1 and improved by Smith.2
Later, Belotserkovski3 and Kandil et al.4 developed a vortex
lattice method with an edge-separated vortex that was replaced
by a number of discrete-line vortices. To accurately calculate
the pressure distribution on wings, Johnson et al.5 presented a
three-dimensional free vortex sheet model, using a higher-
order panel method. Hoejimakers et al.6'7 reported their ex-
perimental and theoretical results for delta-like wings and
developed a second order panel method to calculate double-
branched spiral vortices. A wide review of the subject has been
made by Smith.8

We are very interested in is a series of experiments con-
ducted by Hummel et al.9'10 They measured the spatial flow-
field in detail and plotted the contours of total pressure,
dynamic pressure, and flow directions above the wing surface
and downstream. These experimental results have led us to a
better understanding of the feature regarding the formation of
leading-edge and trailing-edge vortices and their interactions.
A scheme of the flow pattern is shown in Fig. 1.

In the present paper we implemented a discrete vortex
model, in the slender-body framework, to simulate the rolling
up of vortex sheets on delta and double-delta wings. The
discrete-vortex model has applied widely to simulate the evolu-
tion of vortex sheet. The particular advantage of the discrete-
vortex method is its simplicity and flexibility. Unfortunately,
these discrete vortices have the tendency of random motion.
Some authors have suggested several smoothing techniques,

such as vorticity redistribution, vortex amalgamation, viscous
vortex core, etc., or a combination of these techniques, which
attempt to mitigate the random motion. Furthermore, another
serious shortcoming arising from the slender-body framework
is that the flow cannot match the Kutta condition at trailing
edge. Therefore, no matter which smoothing technique is ap-
plied, the surface pressure distribution in chord direction can
not be calculated accurately.

The main aim of this paper is to investigate the rolling up of
complicated vortex sheets and the effect of the interaction of
those vortex sheets on the downwash field rather than to
examine smoothing schemes. We will also discuss how the
prediction of the aerodynamic characteristics of downwash
field can be improved according to the feature of rolling up of
vortex sheets.

II. Theoretical Analysis
To study the interaction between leading- and trailing-edge

vortices, we must first calculate the rolling up of the leading-
edge vortex over the wing surface and also obtain the vorticity
strength distribution; i.e., we have to obtain the span wise cir-
culation distribution on the wing at the trailing edge. Figures
2 and 3 show the pressure distribution and the vortex lines on
the surface measured by Hummel.9 One can see from these
figures that the surface pressure distribution and the vortex
lines are essentially different from those obtained according to
the linearized slender wing theory of Jones15 because of the
presence of the leading-edge vortex. However, they are quali-
tatively similar to those obtained by Smith's model.2 We con-
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Fig. 2 Pressure distribution on delta wing: A = 1.0, a = 20.5 deg.

Fig. 3 Bound vortex vector (/?) and bound vortex lines (L).

sider, as the results of preliminary studies show, that a two-
dimensional model in the slender-body theory can reflect the
major features of the flow.

A three-dimensional steady flow around a slender wing with
an angle of attack can be analyzed approximately by a two-
dimensional time-dependent flow analogy in a crossflow
plane. The separated free shear layer emanating from the
leading edge of the wing is replaced by a finite number of
two-dimensional point vortices. This model does not limit the
assumption of conical flow, which can be used to compute the
rolling up of several concentrated vortices for a complicated
wing configuration. Therefore, the velocity potential <p of the
flow satisfies the Laplace equation in a crossflow plane

It is convenient to use a complex function method. The wing
section in the crossflow plane, X -y + iz, can be transformed
into a circle in the transformed plane, f = £ + /ry by use of
conformal mapping. Hence, the resulting problem is reduced

to a flow around a circle with a finite number of point vortices
outside the circle. The complex potential of the flow is

(1)

For flat-plate wing the conformal mapping is the Joukowski

_ ;

transformation X = Vi [f + (s2/f)] [or f = - 2s2)1/2],
where 5 is the half- width of the plate. The Kutta condition
must be satisfied at leading edge of the wing; thus, we get

= /21 Foo I sine* (2)

The point vortices move downstream at the local velocities.
The velocity of the A:th vortex is expressed as
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Strength and Position of Nascent Vortex
In two-dimensional unsteady flow analogy, each point vor-

tex represents the vorticity shed from the leading edge during
a time interval. The number of point vortices TV is to increase
in the flowfield with time. There are effects of the strength of
the nascent vortex on the shape of the rolling up of the
leading-edge vortex and on the surface pressure distribution.
Many authors have investigated this problem. Sacks et al.11

used two methods, either theoretical or empirical, to calculate
the strength of the nascent vortex. Here, we also use two
methods. The first one is similar to Sacks' theoretical one. The
variation of the circulation of shear layer with time near the
leading-edge separated point is

ar
a^ (4)

where Kup and Klow represent the velocities at the upper
and lower surface of shear layer, respectively. We let
Vs = !/2(Kup 4- KIOW), the average velocity of the shear layer,
which represents the velocity at which the shear layer is shed
from the leading edge. The equation yx = Klow — Fup is vortic-
ity strength on a unit length of the shear layer. Therefore, Eq.
(4) can be rewritten as

Arnew - At(Vsyx) = (VsAt) -yx= (5)

where As is the length of the shear layer shed out in At time.
The expression for Vs is found to be

(6)
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In fact, w5 is equal to zero due to flow symmetry. There is
only a ^-direction velocity component, which implies that the
shear layer is shed out tangentially from the leading edge. In
our computation, Vs is computed with Eq. (6) so that the
length As can be determined. Then, the nascent point vortex is
placed at the half-length of the vortex layer increment, O.SAs.
The strength of the nascent vortex is obtained by using the
Kutta condition [Eq. (2)].

In the second method the vortex strength can be determined
by using the leading-edge suction analogy as well as a vortex-
impulse theorem. Initially, the suction analogy theory by Pol-
hamus could only calculate the overall vortex-induced lift.
Later, Purvis12 suggested an analytical method that could be
used to calculate the distribution of the suction along the
leading edge. Then the vortex-induced lift of the front part of
the axial station */ is given by

CLvle = E{C (7)

The meaning of the formula can be seen from Ref. 12. On the
other hand, according to the vortex-impulse theorem, the
vortex-induced lift is also equal to

_ 47T
vle~ ^w " °°

- - 1 (8 )

where Tn and £„ are nascent vortex strength and position,
respectively. Moreover, the Kutta condition [Eq. (2)] must be
satisfied at each axial station. From Eqs. (7), (8), and (2) the
nascent vortex strength and position can be determined.

Surface Pressure Distribution and Bound Vortex Lines
From the definition of the pressure coefficient, we get

-1.2

Fig. 4 Rolling up of leading-edge vortex over delta wing.

c

y/s

Fig. 5 Surface pressure and bound vortex distribution at trailing
edge of wing.

where <px = u, <py = v, and <pz = w, and u, v} and w are veloc-
ity components in the x, y, and z directions, respectively. The
calculation of yx must take accounts of two aspects. One is
that the semi-wing span s(x) is a function of x. The variation
caused by s(x) is

x dx ds

The other is caused by the variation of the point vortices with
x. The derivation of the entire formula is tedious. It is omitted
here. The bound vortex lines on the wing surface can be
evaluated by

7 = yx* + JyJ = ~ (yup ~ flow)/ + ("up ~ "low)/ (10)

where the y is vorticity vector, and the subscripts up and low
represent the upper and lower surface, respectively. Because
yx = —(dT/dy), the strength of the /th trailing edge vortex is

(U)(Ar/) traii= (7x)tr

III. Numerical Results
Mathematically, this calculation is to solve first-order ordi-

nary differential equations, using the Runge-Kutta method.
However, it should be noted that the number of point vortices
TV is variable from the apex of the wing to the trailing edge. A
new vortex shed from the leading edge is introduced into the

x/C =1.05 x/C =1.15

a) Numerical calculation
7./G

0.6

oa-

0.2

o

-0.2

x/C =1.02

' V

\ X '
-v-v J

0 0.2 0.^ 0.6 0.8 1.0 y/s

- - x/C =1.266

b) Hummel's experiment
Fig. 6 Evolution of rolling up of leading and trailing vortices and
their interaction.
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flowfield at each axial station */. Downstream from the trail-
ing edge, the trailing-edge vortex sheet must be considered
along with the leading-edge vortex sheet. If the leading/trail-
ing-edge vortex sheets are replaced by TV/ and Nt point vortices,
respectively, the evolution of the trailing-edge vortex sheets
under the influence of the leading-edge vortex sheet can be
simulated by computing the motion of those vortices from the
trailing-edge step by step downstream.

Delta Wing
As an example, we calculated a delta wing with an aspect

ratio A = 1.0 and an angle of attack a = 20.5 deg. Figure 4
shows the rolling up of the leading-edge vortex over the wing
surface. Figure 5 shows the pressure distribution and bound
vorticity strength distribution at the trailing edge. The pres-
sure distribution is close to Smith's.2

Figure 6a shows the rolling up of leading/trailing-edge vor-
tices and their interaction. From those figures one can see that
these vortices are quite similar go those obtained by Hummel9

(see Fig. 6b). One can also see from Fig. 6a that the trailing-
edge vortex sheet already arises to deformation at the place

x=0.85

x=1.0
Fig. 7 Evolution of the inboard wing vortex sheet at a = 12 deg for
Hummel's no. VI model.

x/Cr = 1.05, close to the trailing edge downstream, where Cr
is the length of root chord of the wing. Following down-
stream, the deformation continues to enlarge and gradually
rolls up into a clockwise concentrated vortex under the influ-
ence of the leading-edge vortex. At the same time, the trailing
edge vortex sheet has been stretched. The trailing-edge vortex
is initially on the right lower side of the leading-edge vortex;
then, it moves outward and gradually rises around the leading-
edge vortex. The trailing concentrated vortex has developed
well at approximately one-fourth of a wing span of trailing
edge downstream. The circulation of the trailing vortex is of
opposite sign to that of the leading-edge vortex.

Double Delta Wing
The numerical example for double-delta wing, i.e., Hum-

mers No. VI model, which in Fig. 7 shows geometrically, has
been computed. The calculated results show that the inboard
vortex sheet shed from the fore part of the leading edge
upstream of the kink, and the outboard vortex sheet shed
from just downstream of the kink may form two separated
concentrated vortices with the same direction of rotation.
Figure 7 shows the evolution of vortex sheets at the following
positions downstream of the kink. Downstream of the lead-
ing-edge kink, the inboard vortex is no longer increasing its
strength with vorticity, but the outboard vortex continues to
enhance from the fed vorticity from the leading edge. The
inboard vortex sheet rolls up well up to x - 0.75, after which
these point vortices become very disorderly. However, they
are still form a group of vortex clouds that represent the
inboard vortex.

Figure 8 shows the calculated flow pattern and surface
pressure distribution at x = 0.7, where a= 12, 15, and 20 deg.
At a =12 deg, the inboard and outboard vortices are sepa-
rated, and there are two suction peaks on the upper surface
beneath the strake and wing vortex cores, respectively. Al-
though at a =15 deg the two concentrated vortices remain
distinguishable, the inboard vortex moves outward, close to
the outboard vortex, showing only one suction peak. The
inboard suction peak becomes a small protrusion on the pres-
sure curve. At a = 20 deg, the inboard vortex moves under the
outboard vortex and becomes distorted. The shape of pressure
curve is the same as that formed by one wing vortex. Gener-
ally, the inboard and outboard vortices are separated from
each other up to the trailing edge for small angles of attack,
approximately lower than 12 deg. The inboard vortex merges
with the outboard vortex at the trailing edge at a > 12 deg. The
position of merged point will move upstream with an in-
creased angle of attack. The coalesced process is related to
their relative strength and position of the two vortices; how-
ever, it is not clear what the coalesced condition is.

Figure 9 shows the formation of the trailing-edge concen-
trated vortex. The circulation of the trailing-edge vortex is of

Fig. 8 Flow pattern and surface pressure distribution at x = 0.7.

x=1.1 a=25

Fig. 9 Formation of trailing-edge vortex.
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b) For Delta Wing A = 1.0 a = 20.5°
Fig. 10 Downwash velocity distribution.

opposite sign to that of the leading-edge vortices, and the
concentrated trailing-edge vortex will move outward and up-
ward around the leading-edge vortices. Because the inboard
wing vortex is weak, it can deform the trailing-edge vortex
sheet only slightly and not form another concentrated vortex
(see Fig. 9a). In Fig. 9b, there exists one wing vortex and one
trailing-edge vortex, similar to that produced by delta wing
(see Fig. 6). The inboard vortex has been merged here.

IV. Discussion of Downwash Field
The effect of downwash field induced by the fore wing on

the rear wing is important for predicting force and moment
imposed on aircraft or missiles. In the case of attached flow at
a small angle of attack, the downwash field is usually divided
into a ''near field," in which the trailing vortex sheet is consid-
ered as a flat vortex sheet, and a "far field," in which the
vortex sheet is replaced by a line vortex. But, in the case of
flow with leading-edge separated vortices at moderate to high
angles of attack, how can the characteristics of the downwash
field be predicted? There is a method used in engineering
design in which the normal lift is divided into potential flow
lift and vortex-induced lift; thus CNtot = CNwp + CNwv. Then, the

jS_

s
coso; (12a)

(12b)

where subscripts t, v, and p represent trailing-edge vortex,
leading-edge vortex, and potential flows, respectively, and S is
wing area. The span position of the trailing-edge vortex yt is
determined according to the span circulation distribution at
the trailing edge of the wing, and the perpendicular position zt
is zero. The positions of the leading-edge vortices yv and zv are
given by empirical curves. However, as mentioned earlier, the
span circular distribution of bound vortex at the trailing edge
calculated by attached flow theory without leading-edge vor-
tex is substantially different from that with leading-edge sepa-
rated vortices. At least, for delta-like wings shown by Hum-
mel's experiments and present numerical results, there can
exist one-core or multicore leading-edge vortices; hence the
trailing vortex sheet can also be rolled up one-core or multi-
core vortices with opposite sign to leading-edge vortices. One
must be careful that Eq. (12a) is used to calculate the bound
vortex circulation F, particularly when there are complicated
leading-edge vortex sheets.

Figure 10 shows the downwash velocity distribution at an
across plane in body coordinate system. Figure lOa shows the
rolling up of a trailing vortex sheet with a complicated circula-
tion distribution.13 It formed three vortex cores: the inboard
one is called the "fuselage" vortex, the outboard is the "tip"
vortex, and the middle is the "flap" vortex. If the vortex sheet
is replaced by three-line vortices, the computed downwash
velocity (dashed line) is very close to that by the discrete-vor-
tex model (real line), but is quite different from that by the
one-line vortex (dot line).

Figure lOb shows the downwash velocity distribution at two
various axial position for the delta wing: A = 1.0 and a. = 20.5
deg ^he real line shows the results using discrete-vortices
moawi. The detached lines shows the results that the vortex
sheets have been replaced by a one-line vortex. Both hardly
have any difference when x/cr > 1.20. A fair result can be
obtained even using one concentrated vortex. It is because the
leading edge vortex has rolled up quite well already at trailing
edge, and the trailing-edge vortex is quite weak. It is possible
that a simplified model can be presented according to the
practical shape rolled vortices.

Donaldson et al.14 has proposed a criterion that can estimate
the numbers, positions, and circulation signs of the concen-
trated vortices rolled up from an initial vortex sheet. It is
stated that the vortices will be rolled up near those parts of the
maximum absolute values of vorticity in an initial vortex
sheet.

We find that it is useful to use the criterion of Donaldson et
al.14 when computing complicated downwash field. A simpli-
fied engineering model of downwash field may be included
with the following aspects:

1) Determine the numbers, strength, and position of vor-
tices rolled up from leading-edge vortex sheet using either the
empirical or the theoretical method.

2) Determine the span circulation distribution of the wing
surface at the trailing edge under the influence of leading-edge
vortices.

3) According to the criterion of Donaldson et al.,14 estimate
the numbers, positions, and sign and strength of vortices
rolled by the trailing-edge vortex sheet.

4) These rolled vortices are simplified into several line vor-
tices and their motion and downwash field are calculated.

V. Conclusion
In the present paper we compute the rolling up of leading/

trailing-edge vortex sheets and their interaction for delta and
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double-delta wings. We show that a particular advantage of
the discrete-vortex method is its simplicity and flexibility,
which can be used to compute the rolling up of multicore
vortices for a complicated wing configuration. The numerical
results show that a trailing concentrated vortex that has an
opposite sign of circulation of leading edge vortex sheets can
be formed under the influence of leading-edge vortex sheets,
at least for delta-like wings, and also that the two separated
vortices, inboard and outboard, may be rolled up over a
double-delta-wing surface. Generally, the two vortices are sep-
arated from each other at small angles of attack. When the
angles of attack are increased, the inboard vortex may move,
close to, and finally merge with the outboard one. The numer-
ical results are in good agreement with Hummers experi-
ments.9 According to the rolled-up leading-edge vortices and
the criterion of Donaldson et al.14 the numbers, positions, and
signs and strength of rolled-up trailing-edge vortices can be
predicted. Therefore, an improved method is suggested that
can predict downwash field.
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